Abstract. It is proved that the homotopy class of a map of a sphere to a simply connected CW-complex with finitely generated homotopy groups depends polynomially on the induced homomorphism of the groups of zero-dimensional singular chains.
Introduction. Main result
Terminology and notation. We denote N = {1, 2, . . . } and N 0 = N ∪ {0}; P is the set of all primes.
A pointed set is a set with a distinguished element; the latter is denoted by * . Any Abelian group is a pointed set with * = 0. Any pointed space is a pointed set. For a pointed set T , let T denote the (free) Abelian group with generators 't', t ∈ T , and a single relation ' * ' = 0.
A map f : T → T of pointed sets is said to be bound if f ( * ) = * . In this case we introduce the homomorphism f : T → T , f ('t') = 'f (t)', t ∈ T.
For q ∈ N 0 and a pointed space X, let Π q X be the pointed set of all continuous bound maps a : S q → X ( * (S q ) = { * }). For a map a ∈ Π q X, [a] ∈ π q X is its homotopy class. We put Ψ q X := Hom( S q , X ).
By an equivalence we mean a weak homotopy equivalence. A space X is admissible if there exists a CW-complex Y and an equivalence h : X → Y .
Theorem.
Suppose m ∈ N and X is a simply connected admissible pointed space with finitely generated homotopy groups. For r ∈ N 0 , let Q r ⊂ (Ψ m X) ⊗r be the subgroup generated by the elements a ⊗r , a ∈ Π m X. Then for any sufficiently large r ∈ N 0 there exists a homomorphism l : Q r → π m X such that l( a ⊗r ) = [a] for each a ∈ Π m X.
Discussion. The condition that the homotopy groups are finitely generated seems to be superfluous. We show that the simple connectivity condition is essential (if m > 1).
(Perhaps, homotopy simplicity would suffice.) We use the action of the fundamental group of a pointed space on its higher homotopy groups. Let p ∈ Π 1 X, q ∈ Π m X, and let p 0 = * ∈ Π 1 X, p 1 = p. For r ∈ N 0 , we put Outline of the proof of Theorem 1. The proof consists of two parts, "primary" and "rational", in conformity with the structure of π m X (see §14). In the primary part, the space X is replaced by a space with primary finite homotopy groups ( §9) and the Serre method is used: the homotopy groups below the mth group are killed gradually, and then the Hurewicz theorem is applied to the mth group ( §8). In the rational part, we pass from the space X to its loop space, in which the rational homotopy class of a spheroid is determined by its homology class in view of the Cartan-Serre theorem. (More precisely, instead of the loop space we use a certain model of its multiple suspension, a version of the cobar construction; see § §12, 13.)
Increasing maps. By an increasing map we mean a nonstrictly increasing map.
Simplicial objects and morphisms. For q ∈ N 0 , we put
[q] := {0, . . . , q}.
For p ∈ P, a simplicial p-special Abelian group is a simplicial Abelian group U such that the groups U q , q ∈ N 0 , are p-special.
A simplicial pointed set and a simplicial bound map are a simplicial object and a simplicial morphism (respectively) of the category of pointed sets and bound maps. (Simplicial pointed set = pointed simplicial set; the geometric realization of a simplicial pointed set is a pointed space; the same applies to simplicial bound maps.)
A simplicial finite set is a simplicial set T such that the sets T q , q ∈ N 0 , are finite. A simplicial finite pointed set is understood similarly.
For simplicial pointed sets T and T , a simplicial bound map f : T → T is called an embedding if the maps f q , q ∈ N 0 , are injective.
Convenient spaces etc.
A convenient space is the realization of a simplicial countable set. A convenient map, a convenient pair, etc. are understood accordingly.
Cubes and simplexes. Suppose r ∈ N 0 . We put I = [0, 1], I r = I ×r . We make obvious identifications: Suspension. Suppose r ∈ N 0 and X is a pointed space. We put
For the projection
is called the suspension transformation. We recall that the suspension homomorphism is defined as follows:
Path and loop spaces. For a space X, by ΓX we denote the space of all paths u : I → X. A continuous map f : X → X induces the map
For a pointed space X we have ΩX ⊂ ΓX.
Nameless arrows. Suppose X is a pointed space and q ∈ N. We refer to the bijection
and the isomorphism
as to the nameless bijection and the nameless homomorphism.
Weak continuity. A map f : X → Y of spaces is said to be weakly continuous if for any compact Hausdorff space T and any continuous map k :
Comparison of maps of a set to Abelian groups
In this section we introduce polynomial dependence relations between maps of a set to Abelian groups and study the properties of such relations.
Notation. Suppose T is a set, U is an Abelian group, and e : T → U is a map. Consider the homomorphism e + : T → U, e + ('t') := e(t), t ∈ T.
For t ∈ T , we put t e = {x ∈ T : x = 1, e + (x) = e(t)}.
be the subgroup generated by the elements x ⊗r , x ∈ t e , t ∈ T .
Definition. 
We have 
Proof.
Consider the homomorphism
We have a homomorphism c ⊗r :
for every t ∈ T and x ∈ t e . We introduce the homomorphisms
and
For t ∈ T and x ∈ t e , we have h(x ⊗r ) = (1, f(t)) = F ('t'). Therefore, im h ⊂ im F . Since the Abelian group [[e] ] r is free (this is a subgroup of the free Abelian group T ⊗r ), there exists a homomorphism b :
We 
For t ∈ T and x ∈ t e we have For z ∈ Z and y ∈ z e•g we can write
Lemma. Suppose e : T → U and f : T → V are maps to Abelian groups and
Proof. We must show that there exists a homomorphism k :
e . Take an arbitrary number n ∈ N 0 and elements
⊗r be the subgroup generated by the elements x ⊗r i , i = 1, . . . , n. It suffices to show that there exists a homomorphism k :
f| D , the desired homomorphism k exists.
Lemma. Suppose e : T → U and f
If e r f j , j ∈ J, then e r f.
Lemma
. Suppose e j : T j → U j and f j : T j → V j , j ∈ J, are maps to Abelian groups and r ∈ N 0 . Put
Proof. We take an arbitrary i ∈ J and consider the commutative diagram 
Proof. Consider the homomorphism (id
Thus, id r R.
2.9. Claim. Suppose e : T → U and f : T → V are maps to Abelian groups, and r ∈ N 0 . Suppose Tors U = 0 and e r f. Let Q ⊂ (Z ⊕ U ) ⊗r be the subgroup generated by the elements (1, e(t) ) ⊗r , t ∈ T . Then there exists a homomorphism l :
Proof. Consider the homomorphism
We have a homomorphism
Not that E ⊗r ([[e]] r ) = Q, because for t ∈ T and x ∈ t e (in particular, for x = 't') we have
Since e r f, there exists a homomorphism k :
e . It suffices to show that there exists a homomorphism l : 
Let B ⊂ Z ⊕ U be the subgroup generated by the elements E('t i '), i = 1, . . . , n. It is free because Tors U = 0. Consequently, there exists a homomorphism 
⊗r be the subgroup generated by the elements (1, e(t)) ⊗r , t ∈ T . Since Tors U = 0 and e r f, Claim 2.9 yield the existence of a homomorphism l :
⊗r ) = f (t) for any t ∈ T . Let i = (1, 0) ∈ Z ⊕ U , and let j : U → Z ⊕ U be the canonical embedding. For each s = 0, . . . , r we introduce the homomorphism 
It is easily seen that G((u
U ⊗s be the subgroup generated by the elements (e(t) ⊗s ) r s=0 , t ∈ T . Since Tors U = 0 and e r f , by Lemma 2.10 there exists a homomorphism k :
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Our aim in this section is to prove Lemma 3.5.
Notation. Suppose q ∈ Z, U is an Abelian group, and u ∈ U . Put
For q, z ∈ Z we denote 1 (q) (z) = 1 qZ (z).
Lemma. Suppose
Proof. If z ≡ 0 (mod p m ), the claim follows from Kummer's theorem on binomial coefficients (see [2, Appendix 3] ). Otherwise, we use the identity
(by Kummer's theorem), which gives what we need.
Lemma.
Suppose p ∈ P, k ∈ N, and x, y ∈ Z. Then
Proof. Indeed,
because the first factor is divisible by p k and the second is divisible by p.
Corollary.
Suppose p ∈ P, n ∈ N, and x, y ∈ Z. Then
Lemma.
Suppose p ∈ P, m, n ∈ N, and z ∈ Z. Then
Proof. This follows from Lemma 3.1 and Corollary 3.3.
Lemma. Suppose p ∈ P, T is a finite set, and e : T → U and f : T → V are maps to p-special Abelian groups. If e is injective, then e f.
Proof. For some m and n, we have p m U = 0 and p n V = 0. Put q := p m − 1, r := p n−1 , and s := card T . We assume that T = {1, . . . , s}. Put
For k ∈ N we introduce the homomorphism
For z ∈ Z, Lemma 3.4 implies
For t ∈ T , consider the homomorphism
For a ∈ E and t ∈ T we introduce the homomorphism
and put
If a ∈ E, t ∈ T , and x ∈ E, then
Let P ⊂ T ⊗ qrs be the subgroup generated by the elements
There is a set A ⊂ E such that for any x ∈ E there exists a unique a ∈ A such that x − a ∈ p m T . The set A is finite. We introduce the homomorphism
and take an arbitrary t 0 ∈ T . Let x 0 ∈ t e 0 . Since p n V = 0, it follows that
There is a 0 ∈ A such that x 0 − a 0 ∈ p m T . Since a 0 ∈ A ⊂ E, we see that a 0 = 1. Next, we have p m U = 0; consequently, e + (a 0 ) = e + (x 0 ) = e(t 0 ). Therefore, a 0 ∈ A ∩ t e 0 . In the last-written sum the term with t = t 0 and a = a 0 is equal to f (t 0 ), because x 0 − a 0 ∈ p m T . There are no other terms with a = a 0 , because if t = t 0 , then a 0 / ∈ t e (recall that e + (a 0 ) = e(t 0 ) = e(t) since e is injective). The terms with a = a 0 are zero because x 0 − a 0 ∈ p m T ; consequently,
is the natural projection, q ∈ N 0 , and z ∈ ∆ q . Consider the map
, we introduce the following affine map:
Proof. We take arbitrary t, t ∈ T q with z t = z t and show that t = t . There exist r ∈ N 0 , w ∈ ∆ r , and increasing maps
.
We have t = T(c)(T(d)(t)) = T(c)(T(d )(t )) = t .

Lemma. Suppose T is a simplicial set and D ⊂ |T| is a finite set. Then there exist q ∈
Thus, it suffices to choose z with z sufficiently large. Namely, each point of D is y t for some y ∈ ∆ p and t ∈ T p (p ∈ N 0 ), and we require that y ⊂ z . §5. Simplicial Abelian groups
Commonplaces. Suppose U is a simplicial Abelian group. Then |U| is an Abelian group with weakly continuous addition and subtraction. For q ∈ N 0 and z ∈ ∆ q , the map z U : U q → |U| is a homomorphism. For q ∈ N 0 , the set Π q |U| is an Abelian group.
Lemma. Suppose m ∈ N 0 , and U is a simplicial Abelian group. Then
for any a ∈ Π m |U| and z ∈ S m . By assertion a) of Lemma 2.2, Definition. Suppose T is a simplicial set, U and V are simplicial Abelian groups, and e : T → U and f : T → V are simplicial maps. For r ∈ N 0 we write e r f if e q r f q for every q ∈ N 0 . We write e f if there exists r ∈ N 0 such that e r f . 
The maps z U and z V are homomorphisms. We have 
Therefore, |e| r |f | by Lemma 2.5. 
Corollary. Under the assumptions of Lemma
6.1, Π m |e| r Π m |f | for every m ∈ N 0 . Proof. Consider the commutative diagram Π m |U| Π m |e| ← −−− − Π m |T| Π m |f | − −−− → Π m |V| j   j   j   Φ m |U| Φ m |e| ← −−− − Φ m |T| Φ m |f | − −−− → Φ m |V|,
Lemma.
Suppose n ∈ N, T is a simplicial pointed set, V is an Abelian group, and g :
This follows from the universal coefficient theorem and "the universal cohomology class theorem" (see [10, Theorem 24 .4]).
Lemma. Suppose p ∈ P, T is a simplicial finite pointed set, U is a simplicial p-
special Abelian group, V is a p-special Abelian group, n ∈ N, e : T → U is an embedding, and f : T → K(V, n) is a simplicial bound map. Then e f .
Proof. Put K = K(V, n). By Lemma 3.5, there exists r ∈ N 0 such that e n r f n . For an arbitrary q ∈ N 0 , we consider the commutative diagram
where D is the set of all increasing maps d :
By assertion a) of Lemma 2.2, e q 
where T andT are simplicial pointed sets, r is a simplicial bound map, U andŨ are simplicial Abelian groups, s is a simplicial homomorphism, and e andẽ are embeddings. Consider the commutative diagram
By a gear for diagram (1) we mean a bound map G :
8.1. Claim. Suppose p ∈ P, m, n ∈ N, and we are given a commutative diagram Since the right square of diagram (2) is Cartesian, so is the right square of diagram (3). We define the required map
By assertion a) of Lemma 2.2, we see that Proof. We proceed in a finite number of steps. At the ith (i ∈ N 0 ) step we shall construct a commutative diagramŨ 
Suppose that the ith (i ∈ N 0 ) step is finished. If the simplicial setT i is (m − 1)-connected, we put
and we are done. Otherwise, we pass to the (i + 1)st step. Put
Then n < m. Let
Since π n |T i | is a nonzero p-special Abelian group, there exists an epimorphism h :
By the Hurewicz theorem and Lemma 7.1, there exists a simplicial bound map f :T i → K such that π n |f | is an epimorphism. There is a commutative diagram
whereT i+1 is a simplicial pointed set, r and g are simplicial bound maps, the right square is Cartesian,Ũ i+1 =Ũ i × L, s is the projection, andẽ i+1 = (ẽ i • r ) × g. Putting r i+1 = r i • r and s i+1 = s i • s , we get the required commutative diagram
By Claim 8.1, there exists a gear
We have
Consequently, by Lemma 2.4,
by Lemma 2.3. Therefore, G i+1 is a gear for diagram (5) . Since the right square of diagram (4) is Cartesian and |c| is a Serre fibration, |r | is also a Serre fibration, and |g| maps the fibers of |r | homeomorphically to those of |c|. Comparing the homotopy sequences of the fibrations |r | and |c|, we see that π q |r | is an isomorphism for q = n and a monomorphism with cokernel of order p for q = n. Since the groups π q |T i |, q ∈ N, are p-special, so are the groups π q |T i+1 |, q ∈ N. The step is completed.
We see that the order of the direct sum of the groups π q |T i |, q < m, strictly decreases at each step. Thus, we shall stop at some step.
Claim. Suppose p ∈ P, m ∈ N, T is a simplicial finite pointed set, U is a simplicial p-special Abelian group, e : T → U is an embedding, V is a p-special Abelian group, and
Proof. Put K = K(V, m). Let i : V → H m |K| be the standard isomorphism. By Lemma 7.1, there exists a simplicial bound map f : 
Thus, by Lemma 2.4,
Therefore, Π m |ẽ| P by Lemma 2.3.
Claim. Suppose p ∈ P, m ∈ N, and T is a simply connected simplicial finite pointed set. If the groups π
Proof. Let U be the simplicial Abelian group with U q = T q /p, q ∈ N 0 , and
. We introduce the embedding
and consider the commutative diagram This follows from the results of [7] (see §15 below).
Claim. Under the assumptions of Lemma
Proof. By Lemma 9.1, there exists a simply connected finite pointed set T , a homomorphism r : π m |T | → W , and a simplicial bound map h : T → T such that r • π m |h| = r and the groups π q |T |, q ∈ N, are p-special. Consider the commutative diagram 
§11. r-Point transformations
Definition. Suppose r, m, n ∈ N 0 , and X and Y are pointed spaces. A map F : Π m X → Π n Y is said to be r-point if for every point z ∈ S n there exists a set T ⊂ S m of at most r points such that for any a, a ∈ Π m X the relation a| T = a | T implies F (a)(z) = F (a )(z) (in other words, if the value of F (a) at each point is determined by the values of a at some r points).
Our aim in this section is to prove Lemma 11.3.
Notation and a convention. Suppose m ∈ N 0 and X is a pointed space. Put Ψ m X = Hom( S m , X ). The map
is also called the main map (and is denoted by J, J , etc. if this does not cause ambiguity).
Claim. Suppose
Proof. There are (possibly, discontinuous) maps
Consider the usual isomorphism
and consider the commutative diagram
where R(w) = w ⊗r , w ∈ Ψ m X. By Lemmas 2.8 and 2.4,
Claim.
Suppose m ∈ N, and X is a simply connected convenient pointed space.
Proof. Put r = m − 1, n = 2m − 2 (we assume that m > 1). Consider the diagram
where t is a homomorphism such that
Since t is a monomorphism (by Claim 13. Proof. There is an isomorphism
where q : π m X → π m X/ Tors is the projection, T is the set of prime divisors of the order of the group Tors π m X, and, for each p ∈ T , W p is a p-special Abelian group and r p : π m X → W p is a homomorphism. By Claim 13.4, J q • P . By Claim 9.2, J r p • P for each p ∈ T . By Lemmas 2.1 and 2.6, J s • P . Since s is an isomorphism, J P .
By Claim 14.1, J P . Thus, by Lemma 2.4,
Therefore, J π m h • P by Lemma 2.3. Since π m h is an isomorphism, J P .
14.3. Claim. Suppose r, m ∈ N 0 , X is a pointed space, V is an Abelian group, and
⊗r be the subgroup generated by the elements a ⊗r , a ∈ Π m X. Suppose J = J m,X r F . Then there exists a homomorphism
Proof. For each t ∈ N, consider the homomorphisms
For t ∈ N and a ∈ Π m X, we have B t ( a ⊗t ) = a , because
for z ∈ S m . For each s = 1, . . . , r, we introduce the homomorphism
For a ∈ Π m X, we have
⊗s be the subgroup generated by the elements ( a ⊗s ) r s=1 , a ∈ Π m X. Since Tors Ψ m X = 0 and J r F , Corollary 2.11 implies the existence of a homomorphism k : This is easy to check by using the fact that the projective limit of a sequence of nonempty finite sets is nonempty.
Lemma. Suppose (V s , l t s ) is a regular system of finite Abelian groups and homomorphisms. Then for any sufficiently large s < ∞ there exists a homomorphism
Proof. For any q ∈ N, the system (V s /q, l 
We define the required homomorphism g by the formula g(x) = g (x| q ). For u ∈ U , we have Since the simplicial bound map f is (m + 1)-connected, π q |T | = 0 for all q > m, and T is fibrant, it follows that there exists a simplicial bound map h : T → T such that the simplicial bound maps h • f , f •h :T → T are homotopic ("obstruction theory"). It is easy to check that r • π m |h| = r. T is a simplicial finite set because T is a connected minimal fibrant simplicial set and the groups π q |T |, q ∈ N, are finite. 
Proof. Let i : E 1 → E 0 be the inclusion, and let c : E 0 → E 2 be the projection. Consider the map f : ΓB → B, u → u(0), which is a Hurewicz fibration. Putting
we have Q 1 ⊂ Q 0 . We introduce the map
and, for k = 0, 1, 2, the map
We have a commutative diagram
where j is an inclusion. Let 
and let p : X ×2 × I → X be the first projection. Then there exists a retraction R :
Proof. By the Borsuk theorem, there exists a retraction r :
where m : R → I is the increasing retraction. We put 
Proof. All the spaces considered below are simply connected. Therefore, all the homotopy sets (including the relative ones) are Abelian groups. We take an arbitrary q ∈ N and put F = { * } × F ⊂ B × F . Let 
